Abstract. We construct and study two series of curves whose Jacobians admit complex multiplication. The curves arise as quotients of Galois coverings of the projective line with Galois group metacyclic groups G q,3 of order 3q with q ≡ 1 mod 3 an odd prime, and G m of order 2 m+1 . The complex multiplications arise as quotients of double coset algebras of the Galois groups of these coverings. We work out the CM-types and show that the Jacobians are simple abelian varieties.
Introduction
An abelian variety A over an algebraically closed field is said to have or to admit complex multiplication if there is a CM-field K of degree 2 dim(A) over Q such that K ⊂ End Q (A). A smooth projective curve C is said to admit complex multiplication, if its Jacobian variety does. In these cases one says that A (respectively C) has complex multiplication by K. In this paper we use Galois coverings of the projective line with metacyclic Galois groups, in order to construct and investigate two series of curves with complex multiplication.
For the first series let q be an odd prime and n a positive integer such that n|q − 1. Consider the group G q,n := a, b | a q = b n = 1, b −1 ab = a k where 1 < k < q is such that k n ≡ 1 mod q and k m ≡ 1 mod q for all 1 ≤ m < n (that is, the order of k mod q is n). Denote the subgroup generated by b by
In [4] Ellenberg used Galois coverings Y of the projective line with Galois group G q,n , such that the Jacobian of the quotient curve X = Y /H admits a totally real field as an endomorphism algebra. In this note we show that his method can also be applied to construct smooth projective curves admitting complex multiplication. In fact, we show that for every q as above with n = 3 there is exactly one Galois covering Y such that X = Y /H has complex multiplication. To be more precise, our first result is the following theorem. To state it, let ζ = ζ q denote a primitive q-th root of unity and let Q(ζ (n) ) denote the unique subfield of index n of the cyclotomic field Q(ζ). Clearly Q(ζ (n) ) is a CM-field if and only if n is odd, which we assume in the sequel.
Theorem 1. Suppose Y is a Galois covering of P
1 with group G q,n with n odd and branch points p i ∈ P 1 of ramification index n i for i = 1, . . . , r over an algebraically closed field K of characteristic 0.
(1) The curve X = Y /H admits complex multiplication by Q(ζ (n) ) if and only if n = r = 3 and {n 1 , n 2 , n 3 } = {q, 3, 3}.
(2) For every odd prime q ≡ 1 mod 3 and n = 3 there is, up to isomorphism, exactly one such curve Y . Furthermore, in this case the following results hold. (3) The Jacobian JY is isogenous to JX 3 .
(4) The Jacobian JX is a simple abelian variety, of dimension q − 1 6 .
(5)
The function field of Y over K is
where K(P 1 ) = K(x) and z and y satisfy the equations
and y q = (z − 1)(z − ω 3 )
with ω 3 a primitive third root of unity.
For the second series of curves let m ≥ 3 and consider the group
m -th-root of unity, and observe that ξ + ξ
Consider the complex irreducible representation V of G m given by 
In the second section we fix the notation and collect some preliminaries on the representations of the groups G q,n and G m . Section 3 contains the proof of Theorem 1. To be more precise, in 3.1 we prove parts (1) and (2) of the theorem. In 3.2 we see how the Jacobians of X and Y are related. In fact, JY is isogenous to the third power of JX (part (3)). In particular JY also admits complex multiplication. In 3.3 we apply the theorem of Chevalley-Weil in order to compute the CM-type of JY . This implies part (4) of the theorem. Finally in 3.4 we work out the function field of the curve Y .
In Section 4 we prove Theorem 2.
To be more precise, in 4.1 we prove (1), (2) and (3) of Theorem 2. Section 4.2 contains the proof of (4). Moreover, in this section we compute the CM-types of JY and JX. Finally, in 4.3 we give the equations of the curves Y and X. We did not include the equation of X in Theorem 2, because it requires some more notation.
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Preliminaries
2.1. Some notation. For any finite group G we denote by χ 0 the trivial representation of G. If H is any subgroup of G, χ H will denote the character of the representation of G induced by the trivial representation of H. If H is cyclic generated by g ∈ G, we also write χ g for χ g . In particular, if H = {1}, then χ 1 = χ {1} is the character of the regular representation of G.
If V is a representation of G, then V H denotes the subspace of V fixed by H. All curves will be smooth, projective and irreducible; for simplicity we assume the curves to be defined over the field of complex numbers. As in [4] , the results remain valid over any algebraically closed field of characteristic not dividing the group orders by using l'adic cohomology and Grothendieck's algebraic fundamental group instead of singular cohomology and usual monodromy.
2.2.
Representations of G q,n . Let G q,n denote the group defined in the introduction. As a semidirect product of the subgroup N = a by the subgroup H = b , it is a metacyclic group of order qn.
Let ω = ω n be a primitive n-th root of unity. The non-isomorphic one-dimensional representations of G q,n are the following:
There are exactly
is a set of representatives for the action of H on N defined by the relation b −1 ab = a k , the corresponding orbits are {a i j , a ki j , . . . , a k n−1 i j } for j = 1, . . . , s. If ζ = ζ q denotes a primitive q-th root of unity, then for j = 1, . . . , s the representation V j is given by and it is easy to check that
We will use the following result, for the proof of which we refer to [1] or [4] . Let G denote a finite group acting on a compact Riemann surface Y with monodromy g 1 , g 2 , . . . , g u . Let χ Y denote the character of the representation
The following proposition appears essentially in [4] .
Proposition 2.1. Suppose the metacyclic group G q,n acts on the compact Riemann surface Y with monodromy g 1 , . . . , g r , g r+1 . . . , g r+t , where g j has order n j (dividing n) for j = 1, . . . , r and order q for j = r + 1 . . . , u = r + t and assume g(Y /G q,n ) = 0. Then
Proof. First observe that if g j has order n j dividing n, then g j is conjugate to S n j , and that if g j has order q then g j = N. Then, from (2.1) and using the formulas above for χ N , χ H and χ S ℓ , we obtain
This implies the assertion.
2.3.
Representations of the group G m . For m ≥ 3 let G m denote the group defined in the introduction. As a semidirect product of the subgroup N = a by the subgroup H = b , it is a metacyclic group of order 2 m+1 . The group G m has 3 nontrivial representations of degree 1, namely
Let ξ = ξ 2 m denote a primitive 2 m -th root of unity. For i = 1, . . . , m − 1 consider the representation V i defined by
Note that V 1 is the representation V of the introduction. V i is a complex irreducible representation with Galois character field
. Since these representations are obviously pairwise non-equivalent, we get in this way
which implies that these are all the complex irreducible representations of G m . The non-equivalent rational irreducible representations are, apart from χ 0 , . . . , χ 3 , the representations W i , i = 1, . . . , m − 1, whose complexifications are
Using this, we immediately obtain from (2.1), 
3. Curves with Galois group G q,n 3.1. Curves with complex multiplication by Q(ζ (n) q ). Let Y → P 1 be a Galois covering with group G q,n over an algebraically closed field K of characteristic 0. Consider the curve
where H denotes the subgroup generated by b. In this section we use Proposition 2.1 in order to determine those Galois coverings Y for which the curve X admits complex multiplication.
Recall that a CM-field K of degree 2g is a totally complex quadratic extension of a totally real field of rank g over Q.
The main result of this section is the following Proposition. As in the introduction let Q(ζ (n) q ) denote the unique subfield of index n of the cyclotomic field Q(ζ q ). It is a CM-field if and only if n is odd, which we assume in the sequel.
Proposition 3.1. Suppose Y is a Galois covering of P 1 with group G q,n and branch points p i ∈ P 1 of ramification index n j dividing n for i = 1, . . . , r and equal to q for j = r + 1, . . . , r + t.
Then the curve X = Y /H has complex multiplication by Q(ζ (n) q ) if and only if n = r + t = 3 and {n 1 , n 2 , n 3 } = {3, 3, q}.
Proof. According to the Hurwitz formula, the genus of X is
If the curve X has complex multiplication by Q(ζ
. This is the case if and only if
which is equivalent to
This implies t ≤ 2. If t = 2, then (3.1) says r j=1 n n j = nr − 1, a contradiction, since n n j is either 1 or ≥ 3.
Since n is odd, n j ≥ 3, which implies nr 3 ≥ nr − 2n − 1 and thus r ≤ 3 + 3 2n . This gives r = 2 or 3. In both cases (3.1) cannot be satisfied. For r = 2 the right hand side would be negative and for r = 3 the even number n − 1 is not the sum of 3 genuine divisors of n.
Hence t = 1, in which case (3.1) says r j=1 n n j = n(r − 1) − 1. By the same argument as above, this implies nr 3 ≥ nr − n − 1, which gives 2 3 r ≤ 1 + 1 n . Since n ≥ 3, this implies r ≤ 3 2 (1 + 1 3 ) = 2 and thus r = 2. But then (3.1) says
whose only odd solution is n = n 1 = n 2 = 3.
Hence we have shown that the curve X = Y /H has complex multiplication by Q(ζ (n)
We will now finish the proof by showing that under the assumptions Q(ζ
Let W be the rational irreducible representation of G q,3 whose complexification is the direct sum of all the irreducible complex representations V j of dimension 3.
Note Hence the image of
q ) and therefore Q(ζ
We have thus proven the following result. 3.2. The Jacobians JY and JX. Let q be an odd prime with q ≡ 1 mod 3 and denote
where k 3 ≡ 1 mod q, 1 < k < q. Let Y and X denote the curves of Corollary 3.2. In this section we want to see how the Jacobians JY and JX are related.
First, the Hurwitz formula gives
In particular g(Y ) = 3g(X). The following proposition is more precise.
Proposition 3.4. The Jacobian of Y is isogenous to the third power of the Jacobian of X:
In particular JY admits complex multiplication by Q(ζ q ).
Proof. There are exactly 2 nontrivial rational irreducible representations of G, namely W 1 , whose complexification is χ 1 ⊕ χ 2 , and W 2 , whose complexification is 
where m i is the Schur index of the corresponding representation. Hence m 1 = m 2 = 1. Since dim V 1 = 3 and dim V H 1 = 1, it suffices to show for the first assertion that dim B 1 = 0. This is a consequence of [7, Theorem 5 .12], which in our case says
where K χ 1 denotes the field generated by the values of the character χ 1 over Q, G 1 = a , G 2 = b , and G 3 = ab . Hence we get
which completes the proof of the first assertion. According to Corollary 3.2, JX admits complex multiplication by Q(ζ
q ). The last assertion follows from the first and the fact that Q(ζ q ) is a degree-three CM-extension of Q(ζ
Remark 3.5. The Prym variety P of the threefold covering Y → X is defined as the connected component containing 0 of the kernel of the norm map JY → JX. Since JY is isogenous to the product JX × P , we deduce from Corollary 3.2 and Proposition 3.4 that P ∼ JX 2 .
In particular, P admits complex multiplication by a CM-extension of degree 2 of Q(ζ
q ).
3.3.
The CM-types of JY and JX. Recall that a CM-field K of degree 2g admits g pairs of complex conjugate embeddings into the field of complex numbers. A CM-type of K is by definition the choice of a set of representatives of these pairs; that is, a set of g pairwise non-isomorphic embeddings K ֒→ C. The Jacobian JC of a curve C admits complex multiplication by a CM-field K, if and only if H 1 (C, Q) is a K-vector space of dimension 1. In this case the Hodge decomposition
induces a CM-type on the field K. It is called the CM-type of the Jacobian JC. In this section we compute the CM-types of the Jacobians JY and JX of Section 4. We need some elementary preliminaries. The congruence and
. This implies the assertion. = q which completes the proof.
The following lemma gives a criterion for the set O ℓ to contain two elements less than 
Hence Let the notation be as in Section 2 with n = 3. In particular {a i 1 , . . . , a is } (s = q−1 3 ) denotes a set of representatives for the action of the group H = b on the group N = a . The corresponding orbits are {a
} is an orbit, disjoint from it. Hence we can enumerate the orbits in the following way: The orbits of N under the adjoint action of the group H are exactly
ν=1 , where 2 of the numbers
(and thus 2 of the numbers
). If V j denotes the complex irreducible representations as in Section 2 for j = 1, . . . , s, then we have Proposition 3.8.
, it suffices to show that every V ν with 1 ≤ ν ≤ s 2 occurs exactly once in the representation H 0 (Y, ω Y ) of G. According to the Theorem of Chevalley-Weil (see [3] ), the representation V ν occurs exactly
, where • µ runs through the branch points of the covering Y → P 1 , • n µ is the order of the µ-th branch point,
• N µ,α denotes the multiplicity of the eigenvalue e 2πiα nµ in the matrix V ν (g µ ), where g µ is any nontrivial element of G stabilizing a point in the fiber of µ, and • r := r − ⌊r⌋ denotes the fractional part of the real number r. Hence we have n 1 = q, n 2 = n 3 = 3 and thus
where the last equation follows from Lemma 3.6 (2), since by assumption, 2 of the numbers
Corollary 3.9. Let Y and X denote the curves of Section 3, and denote
ν=1 be the first half of the orbits in (3.4). Then (1) The CM-type of JY is given by the following g(Y ) = 3s 2 embeddings ϕ j of Q(ζ) into
, the CM-type of JX is given by the
Proof. (1) is a direct consequence of Propositions 3.4 and 3.8, and the definition of the representations V ν in Section 2. According to Corollary 3.2 the Jacobian JX has complex multiplication by Q(ζ (3) ). Hence (2) follows from Theorem 3.8 and the fact that
is the only subfield of Q(ζ) of index 3. Proof. Let Φ denote the CM-type of JX, i.e. of the field Q(ζ (3) ) as given in Corollary 3.9 (2). With α = ζ + ζ k + ζ k 2 as above and µ := α − α we have
is totally real;
• η := −µ 2 = 4β 1 is a totally positive element of K 0 (by Lemma 3.7); • The elements of Φ are exactly the embeddings ϕ : Q(µ) ֒→ C for which the imaginary part of ϕ(µ) is positive (according to Lemma 3.7). We have to show that Φ is a primitive CM-type. For this we apply the criterion [8, Prop .27] of Shimura-Taniyama which says the following: Φ is primitive if and only if the following two conditions are satisfied:
(ii) for any conjugate α ′ of α over Q, other than α itself,
is not totally positive. The first condition holds trivially, since both fields are equal to Q(ζ (3) ) = Q(α). As for the second condition: for any conjugate µ ′ of µ over Q different from µ, We choose an affine coordinate x of P 1 in such a way that p 1 = 1, p 2 = 0 and p 3 = 2. Then the covering Z → P 1 is given by the equation
and the function field of Z = P 1 is K(z).
Proposition 3.11. Let ω 3 denote a primitive third root of unity, and choose 1 < k < q such that k 3 ≡ 1 mod q. A (singular) model of the curve Y is given by the equation
With these notations, automorphisms σ and τ of the curve Y of corresponding orders q and 3, are given by σ : z → z, y → ζ q y , and 
An immediate consequence of the proposition is statement (5) of Theorem 1 in the Introduction.
Proof. The covering Y → Z is ramified exactly over the points 1, ω and ω 2 of Z = P 1 . According to Kummer theory the covering Y → Z is given by the affine equation 
, it follows from Lemma 4.4 that it suffices to show that every U i with 1 ≤ i ≤ 2 m−3 occurs exactly once in the representation H 0 (Y, ω Y ) of G m . Again this is a consequence of the Theorem of Chevalley-Weil; that is, equation (3.5) .
Here Y → P 1 is branched over 3 points in P 1 with n 1 = 2 m , n 2 = 2 and n 3 = 4, and we have for the representation
As a consequence we get This proves part (4) of Theorem 2 of the introduction.
Proof. It suffices to show that the field K V = Q(ξ + ξ d ) does not admit a proper CMsubfield, since then every CM-type of it is primitive, and in particular JX is a simple abelian variety.
It is well known that the Galois group of the extension Q(ξ)|Q is
with σ is cyclic of order 2 m−2 generated by σ : ξ → ξ 5 , and τ is the involution τ : ξ → ξ d . Therefore the Galois group of K V |Q, which is the fixed field of τ , is σ ≃ Z/2 m−2 Z. Its only element of order 2 is σ 2 m−3 , which must be complex conjugation in K V . Since every nontrivial subgroup of σ contains σ 2 m−3 , this implies that every proper subfield of K V is real. According to [7] , for any subgroup H of G acting on a curve Y with monodromy g 1 , . . . , g t , the genus of the quotient Y /H is given by .
We obtain that in our case g(Y /Z) = 0, and therefore Y is hyperelliptic. We may choose coordinates in such a way that an affine equation for Y is w w n n n n n n n n n n n n n Y / j = P 1 ' ' P P P P P P P P P 
